This study focuses on the numerical modeling of wave propagation in fractionally-dissipative media. These viscoelastic models are such that the attenuation is frequency dependent and follows a power law with non-integer exponent. As a prototypical example, the Andrade model is chosen for its simplicity and its satisfactory fits of experimental flow laws in rocks and metals. The corresponding constitutive equation features a fractional derivative in time, a non-local term that can be expressed as a convolution product which direct implementation bears substantial memory cost. To circumvent this limitation, a diffusive representation approach is deployed, replacing the convolution product by an integral of a function satisfying a local time-domain ordinary differential equation. An associated quadrature formula yields a local-in-time system of partial differential equations, which is then proven to be well-posed. The properties of the resulting model are also compared to those of the original Andrade model. The quadrature scheme associated with the diffusive approximation, and constructed either from a classical polynomial approach or from a constrained optimization method, is investigated to finally highlight the benefits of using the latter approach. Wave propagation simulations in homogeneous domains are performed within a split formulation framework that yields an optimal stability condition and which features a joint fourth-order time-marching scheme coupled with an exact integration step. * Corresponding author
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demonstrate the practicality and efficiency of the proposed approach. For the sake of sim-48 plicity, the viscoelastic medium considered is assumed to be unidimensional and homoge-49 neous. After discretization of the dynamical system at hand, a Strang splitting approach
50
[29] is adopted, both to reach an optimal stability condition and to enable the use of an effi-51 cient high-order time-marching scheme coupled with an exact integration step. Moreover, deriving a semi-analytical solution for the configuration considered, as a baseline, a set 53 of numerical results is presented to assess the quality of the numerical scheme developed.
54
The overall features and performances of the diffusive representation are finally discussed 55 to compare the original Andrade model with its diffusive approximated counterpart. 
with creep function χ, stress field σ and strain field ε = ∂u/∂x associated with unidimen-71 sional displacement u.
72
Next, for parameters satisfying 0 < β < 1, the so-called Caputo-type fractional deriva-
where Γ is the Gamma function. Defining the direct and inverse Fourier transforms in time
75
of a function g(t) as
then the frequency-domain counterpart of equation (2) reads
so that definition (2) is a straightforward generalization of the derivative of integer order. 
Andrade model

79
The Andrade model [1] is characterized by the creep function given by rheological mechanism with creep function t → J u + t/η and a relaxation time τ Mx = η J u ,
84
together with a power law dependence in time t → A t α which constitutes its main feature.
85
Examples behaviors of the creep function (4) are illustrated in Figure 1a .
86
The frequency-domain compliance N = iωχ, and such thatε = Nσ according to the
87
Fourier transform of equation (1), can be deduced from (4) as
Straightforward manipulations on (3), (4) and (5) lead to the following constitutive equa-89 tion in differential form for the Andrade model The other physical parameters are: ρ = 1200 kg/m 3 , c ∞ = 2800 m/s and η = 10 9 Pa.s.
The horizontal dotted line in panel (c) denotes the high-frequency limit c ∞ .
Dispersion relations
91
The complex wave number k(ω) satisfies
where the phase velocity c and the attenuation ζ are given by
Owing to equations (5) and (8), the following limits hold:
Moreover, when A > 0, the creep function (4) is an increasing and concave function. 
This key property confirms the relevance of the choice of the Andrade model as a proto-
98
typical example of fractional viscoelastic media.
99
The quality factor Q is defined as the ratio
According to (5) and in a high-frequency regime, the frequency-dependent behavior fol-
Sample behaviors of the Andrade model for α = 1/3 and a varying parameter A are 103 sketched in Figure 1 . Notably, the case A = 0 corresponds to the standard Maxwell model.
104
When A = 0, one observes in Fig. 1b the slope 1/3 of the quality factor in log-log scale 
Diffusive approximation: Andrade-DA model
When implementing (6) , the difficulty revolves around the computation of the con-110 volution product in (2) associated with the fractional derivative of order 1 − α, which is 111 numerically memory-consuming. The alternative approach adopted in this study is based 112 on a diffusive representation, and its approximation, of fractional derivatives. Following
113
[23], then for 0 < α < 1 equation (2) can be recast as
where the function φ is defined owing to a change of variables as
As φ is expressed in terms of an integral operator with decaying exponential kernel, it 116 is referred to as a diffusive variable. From equation (14), it can be shown to satisfy the 117 following first-order differential equation for θ > 0:
The diffusive representation (13-14) amounts to supersede the non-local term in (6) by an 119 integral of the function φ(x, t, ·) obeying the local first-order ordinary differential equa-120 tion (15). The integral featured in (13) is in turn well-suited to be approximated using a 121 quadrature scheme, so that
given a number L of quadrature nodes θ ℓ with associated weights µ ℓ , whose computations 123 will be returned to in Section 4.1.
125
The frequency-domain versions of equations (6), (15) 
The diffusive approximated counterparts of (7) and (8) are equal to those in (9). Moreover, using tables of standard Fourier transforms, the corre-
131
sponding time-domain creep functionχ, defined byÑ = iωχ, is obtained as
Evolution equations
133
With the complex compliance (17) of the Andrade-DA model at hand, which con- 
First-order system
138
Let define the parameters
Combining the conservation of momentum in terms of velocity field v = ∂u/∂t and equations (6), (15) and (16) yields 
Gathering unknown and sources terms, let the vectors U and F be defined as
Then the system (20) can be written in the matrix-form
where A is given by
and S reads
Note that this differential system remains valid in the case of a non-homogeneous vis-146 coelastic medium. 
together with a coupled term associated with the diffusive approximation
Then, in the absence of any source term, one has the following property
is a positive definite quadratic form and dE dt < 0 for all time t > 0.
156
Proof. In the absence of any source term, then multiplying the momentum equation 
Now, using twice differential equation (15), one has for
which after subtraction and manipulation entails
Finally, substituting (26) in (25) leads to the relation
which concludes the proof.
163
In summary, positivity of the quadrature nodes and weights in (16) is crucial to ensure the well-posedness of the system (20). This issue will be further discussed in Section 4.1. As A is diagonalizable with real eigenvalues, then equation (22) 
Proof. Let P S (λ) denote the characteristic polynomial of the matrix S, i.e. P S (λ) = 
From (24) and definition (19) of parameters γ ℓ,α and Υ ℓ,α , one deduces
From the above equation, one has P S (0) = 0 while Q S (0) = 0, therefore 0 is an eigenvalue 186 of the matrix S with multiplicity 1. In the limit λ → 0, then asymptotically
Moreover, using (19) and the assumptions considered, then at the quadrature nodes one has 188 for all k ∈ {1, . . . , L}
Finally, the following limit holds
We introduce the following intervals
. . , L−1 and
Given that λ → P S (λ) is continuous, then equations (27) (28) show that the polynomial P S 
Proof. By definition, one has
According to the proof of Property 3, the eigenvalues λ ℓ satisfy
Substitution in (30) and providing that ̺(S) = |λ L+1 | allows to concludes the proof. in the form of
The poles ±k 0 of g are simple and satisfy Im[k 0 ] < 0. Using the residue theorem, one 214 obtains in the time-domain the stress field solution
Similarly, the velocity field and the memory variables satisfy
In the numerical results presented Section 5, the frequency-domain integrals featured in 
with the modified diffusive variableφ defined as
and where the weights and nodes {(μ ℓ ,θ ℓ )} ℓ can be computed by standard routines [32] .
237
According to the analysis of [24], Section 4, an optimal choice for the coefficients in (33)
238
is in the present case: γ = 3 − 4α and δ = 4α − 1. Finally, the quadrature coefficients of 239 (16) are identified as
Optimization quadrature.. Alternatively, the quadrature coefficients can be deduced from From (5) and its diffusive approximated counterpart (17), the corresponding compli-
246
ances N andÑ differ only in the terms
For a given number K of angular frequencies ω k , one introduces the objective function
to be minimized w.r.t parameters {(µ ℓ , θ ℓ )} ℓ for ℓ = 1, . . . , L.
249
A straightforward linear minimization of (35) may lead to some negative parameters 
As problem (36) , θ
Finally, the angular frequencies ω k for k = 1, ..., K in (35) and the diffusive equation
Due to the structure of matrix S, one defines from (21) the subvectors
and from (24) the submatrix
Having separated the two source terms, then equation (40) is equivalently recast in the form
The discrete operators associated with the discretizations of (39) and (42) are respec- 
with
1 . . . U hence det S = 0. Freezing the forcing terms at t k , with k = n or n + 1, yields for a generic
If there is no excitation, i.e. 
where the coefficients ϑ m,k are provided in Table 1 . It satisfies the optimal stability condi- 
Configuration
304
The homogeneous domain considered is 400 m-long and it is characterized by the phys-305 ical parameters provided in Table 2 Table 2 : Chosen physical parameters in the Andrade model (4).
Validation of the quadrature methods
308
The angular frequency range of interest [ω min , ω max ] is defined by ω min = ω c /100 and Figure 4 , for L = 4 (Fig. 4a) and L = 8 (Fig. 4b) While F σ = 0 in (20b), the source in (20a) is imposed at point shown to be well-suited for a numerical implementation.
362
The system at hand is investigated and it is demonstrated that its well-posedness re- 
374
To focus on this message, a simple but realistic fractionally-damped viscoelastic model 375 within a unidimensional and homogeneous configuration has been considered. Its dynami-376 cal behavior is described by a first-order hyperbolic system which extension to higher spa- 
